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Abstract 

The g-oscillator representation for the Borel subalgebra of the affine symmetry 
U^{sIn) is presented. By means of this g-oscillator representation, we give the free 
field reahzations of the Baxter's Q-operator Qj(A), Qj(A), (j = 1, 2, • • • , N) for the 
M^-algebra W^. We give the functional relations of the T-Q operators, including 
the higher-rank generaliztion of the Baxter's T-Q relation. 
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1 Introduction 



The Baxter's T-Q-operator have various exceptional properties and play an important 
role in many aspect of the theory of integrable systems. Originally the Q-operator 
was introduced by R.Baxter [1], in terms of some special transfer matrix of the 8- 
vertex model. Over the last three decades, this method of the Q-operator has been 
developed by many literatures. We would like to refer some of these literatures, writ- 
ten by R.Baxter [2, 3, 4, 5], by L.Takhtadzhan and L.Faddeev [6], by K.Fabricius and 
B.McCoy [7, 8, 9], by K.Fabricius [10], by V.Bazhanov and V.Mangazeev [11], by B.Feigin, 
T.Kojima, J.Shiraishi and H.Watanabe [12], by T.Kojima and J.Shiraishi [13]. However a 
full theory of the Q-operator for the 8-vertex model is not yet developed. For the simpler 
models associated with the quantum group Uq{g), there have been many papers which 
extend, generalize, and comment on the T-Q relation. We would like to refer some of these 
literatures, including Sklyanin's separation variable method, written by E.Sklyanin [14, 15, 
16], by V.Kuzunetsov, V.Mangazeev and E.Sklyanin [17], by V.Pasquier and M.Gaudin 
[18], by S.Derkachov [19] by S.Derkachov, G.Karakhanyan and A.Mansahov [20, 21] by 
S.Derkachov, G.Karakhanyan and R.Kirschner, [22] by S.Derkachov and A.Mansahov [23], 
by A.Behsty, S.Derkachov, G.Korchemesky and A.Manasahov [24], by C.Korff [25, 26], 
by A.Bytsko and J.Teschner [27], by V.Bazhanov, S.Lukyanov and Al.Zamolodchikov [28, 
29, 30, 31], by M.Rossi and R.Weston [32], by RDorey and R.Tateo [33], by V.Bazhanov, 

A. Hibberd and S.Khoroshkin [34], by P.Kulish and Z.Zeitlin [35], by A.Antonov and 

B. Feigin [36], by I.Krichever, O.Lipan, P.Wiegmann and A.Zabrodin [38], by V.Bazhanov 
and N.Reshetikhin [39], by A.Kuniba, T.Nakanishi and J.Suzuki [40], by H.Boos, M.Jimbo, 
T.Miwa, F.Smirnov and Y.Takeyama [41, 42], by A.Chervov and G.Falqui [43]. Each pa- 
per added to our understanding of the great Baxter's original paper [1]. Especially for 
example the T-Q-operators acting on the Fock space of the Virasoro algebra Vir were 
introduced by V.Bazhanov, S.Lukyanov and Al.Zamolodchikov [28, 29, 30]. They de- 
rived various functional relations of the T-Q operators and gave the asymptotic behavior 
of the eigen- value of the T-Q operators. P.Dorey and R.Tateo [33] revealed the hidden 
connection between the vacuum expectation value of the Q-operator and the spectral 
determinant for Schrodinger equation. V.Bazhanov, A.Hibberd and S.Khoroshkin [34] 
achieved the Wa-algebraic generahzation of [28, 29, 30, 31, 33]. In this paper we study 
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the higher-rank FFiv-generahzation of [34]. We study the T-Q-operators acting on the 
Fock space of the 1^-algebra Wn- We give the free field reahzation of the Q-operator and 
functional relations of the T-Q-operators for the 1^-algebra W^, including the higher-rank 
generahzation of the Baxter's T-Q relation, 

iV-l 

s=l 

7V-1 

Q^itq-'') + $^(-i)^TA,+...+A.(ig)Q.(ig-™) + (-l)^Q,(tg^) = 0, 

s=l 

where i = 1,2, ■ ■ ■ , N. The organization of this paper is as following. In section 2, 
we give basic definitions, including g-oscillator representation of the Borel subalgebra 
of the affinc symmetry ^/^(s/tv), which play an essential role in construction of the Q- 
operator. In section 3, we give the definition of the T-operator and the Q-operator. In 
section 4 we give conjecturous funtional relations between the T-opeartor and the Q- 
operator, including Baxter's T-Q relation. In appendix, we give supporting arguments on 
conjecturous formulae stated in section 4. 



2 Basic Definition 

In this section we give the different realizations of the Borel subalgebra of the affine 
quantum algebra U'J^sIn), which will play an important role in construction of the Baxter's 
T-Q operator. Let us fix the integer N ^ 3. Let us fix a complex number 1 < r < A^. 
In this paper, upon this setting, we construct the Baxter's T-Q operators on the space of 
the 1^-algebra Wn with the central charge — oo < Ccft < —2, where 

Becuse Ccft — — oo represents the classical limit, we call — oo < Ccft < —2 "quasi- 
classical domain". By anlytic continuation, it is possible to extend our theory to the 
CFT with central charge Ccft < 1- We would hke to note that the unitary minimal 
CFT is described by the central charge Ccft = (A^ - 1) (l - ^gf_+j^ ) for N,r e Z, 

* 

(N ^ 2,r ^ N + 2) [44]. We set parameters r* = r - 1 and q = e^'^'^. In what follows 
we use the g-integer [n]q = '^gl^-i ■ 
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2.1 The g-oscillator representation 

Let {e^} be an orthonormal basis of R^, relative to the standard inner product (ei|ej 



5ij. Let us set (Ej = ej — e where e = jfYlf=i^j- We have (ej|ej) = 5ij — Let us set 
the simple roots aj = Ij — Cj+i, (1 ^ j ^ — 1) and = — ^^=i '^j- Let us set the 
fundamental weights ujj as the dual vector of aj, i.e. {ai\ujj) = dij. Explicitly we have 
cuj — ei + ■ ■ ■ + Cj. Let us set the weight lattice P — (BjLiZej. We consider the quantum 
affine algebra Ug{slN), which is generated by ei, • • • , e^, /i, • • • , /at, and hi, - • • , h^, with 
the defining relations, 

[hi,hj] = 0, [hi,ej] = {ai\aj)ej, [hi,fj] = -{ai\aj)fj, [ei,fj] = 5ij ' 
^1^3 - + ej-e- = 0, fffj - [2\qfifjfi + fjfl = 0, for {ai\aj) = -1. 

Here {{otj\ak))i<j^k<M is the Cartan matrix of type sZjv- Let us introduce the Borel sub- 
algebra of Ug{slN). The Borel subalgebra C/^(b+) is generated by Ci, • • • , ejv, hi, - • ■ , h^, 
and C/^(b~) by /i, • • • , /jv, hi, - • • , /ijv- In this paper we consider the level c = case, with 
the central element c = hi -\- ■ ■ ■ -\- h^- Let us introduce the g-oscillator representation 
Ot of the Borel subalgebra f/^^(b+). The g-oscillator algebra OsCj, (1 ^ j ^ A'" — 1), is 
generated by elements £j,S*,T-Cj, with the defining relations, 

[n„ £,] = 8„ [H„ 8*] = -8], q8,8] - q-^8]8, = (2.1) 

Let us set Osc — Osci (8)c • • • <8)c Oscn-i- We have [8j, 8k] — 0, [8*, 8^] — 0, [8j, 81] — 0, 
[Hj,TCk] — for j k. Let us set the auxiliarry operator TCn = —'Hi —T-L2 — --- — Ti-N-i- 
We define homomorphism Ot : ^7g(b+) Osc by 

Ot{eN-2) = q^q - q~^)q~'^''-^8*N_28N-i, 

Ot(eAr_i) = 

ot(ejv) = (2.2) 
Ot{hi) = -TYi + "^2, Ot(/i2) = -'^2 + "^3, • • • , Ot(/iAr) = -Hn + Ti-i. 
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This g-oscillator representation ot satisfies level zero condition Ot{hi + /i2 H — • + /iAr) = 0. 
This g-oscillator representation give a higher-rank generahzation of those in [34]. By 
means of the Dynkin-diagram automorphism r, cr, we construct a family of the g-oscillator 
representation otj, Otj. Let us set the Dynkin-diagram automorphism r of the affine 
algebra [/^(sZjv). 

T(ei) = 62, • • • , T(ej) = e^+i, • • • , T(eAr) = ei, 
t(/ii) = /i2, • • • , r{hj) = /ij+i, • • • , T(/iAr) = /ii, 
t(/i) = /2, ■ ■ ■ , ^(/i) = /i+i, ■ ■ ■ , t(/jv) = /i- 

Let us set the Dynkin-diagram automorphism cr of the finite simple algebra Uglsl^), 
generated by 62, • • • , cn, /i2, • • • , hN, /2, • • • , /at- 

(7(62) = Bat, • • • , (7(ej) = ejv+2-j, • • • , (^(cat) = 62, 

(7(/l2) = /lAT, • • • , = hN+2-j, Cr{hN) = /i2, 

C^(/2) = /at, ■ ■ ■ , Cr(/i) = fN+2-j: " " " , Cr(/Ar) = /2, 

and (7 is esxtended to the affine vertex as (7(ei) = Ci, (t(/ii) = hi, (7(/i) = /i. We have the 
action oi ■ a ■ t"^ , 

■a-T~^{fi) = fj-i-i, 
with s,j e Z. We set homomorphism o^j, o^j : C/^(b+) — > Osc, (1 ^ j ^ A^), 

OtJ^OfT"-^, Otj = 0(_i)JVt • • (T • T"\ (2.3) 

These g-oscillator representations Otj, dtj will play an important role in construction of 

the Baxter's Q-operator. 

2.2 Evaluation highest weight representation 

Let us consider the quantum simple algebra Uq{glN), which is generated by E^i, ■ ■ ■ , -E'ajv-n 
Hi, ■ ■ ■ , Hn, and Fa^, ■ ■ ■ , -Fajv-i' with the defining relations, 

[Hi, Hj] = 0, [Hi, E^j] = {Sij — Sij+i)Eaj, [Hi, F^J = {—^ij + Si,j+i)Faj, 
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q-q ' 



Let us set the root vectors, 



[Ea2 ) -^c 



1 



Eai-\ hCKjv-i [EaN-11 [Et 



OiN-21 



1 \Ea2 1 Ec 



Eai-\ |-ajv_i [[■■■) [EaN-i i Ear^-^ J- 

\/9 



1 Ea2 ] 4= ' "^"1 1 -h= ' 



Let us set the automorhism a by 

C^(-E'ai) = Eaj^_^, ■ ■ ■ , (T{Ea,.) = Eaj^_., • • • , a{Ea^_J = E'^^ , 

c(-f^i) = — -H"Ar, • • • , c(-f/j) = — i^iv-j+i, • • • , o-{Hn) = —Hi, 



<^{Ea,) 



ajv-1 ) 



ajv-7 ; 



) Cr(-^aAr_i ) — -^ai ■ 



We have the evaluation representation evti evf. U'JsIn) — Uq{glN), given by 



evt{e2 
evt{h2 
evt{f2 
evt{ei 
evt{hi 



evt{e2 
evt{h2 

evt{f2 
evt{ei 
evt{hi 



E. 



, evt{ej+i) = Eaj,---^ evticN) = Eaj,_^, 



Hi - H2, ■ ■ ■ , evt{hj+i) = Hj - Hj+i, • • • , evt{hN) = Hn-i - Hn, 
Eai,---, evt(fj+i) = . , • • • , eVt(fN) = -Fa^_i , 

ai+a2H hajv-iy ' "^"^fV^l/ ^oii+a2-\ hajv-l^ ' 



Hn — Hi. 



E, 



, 6^4(6^+1) = Ea^. , • • • , evt (ejv) = E, 



ajv-i ; 



Hi- H2,---, evt{hj+i) = ifj - if^+i, • • • , evt{hN) = -f^iv-i - -f^iv, 
Eai,---, evt{fj+i) = F« . , • • • , elJt (/iv) = E^^_^ , 

Q1+Q2H hajv-iy 1 ^'^t\Jl) ^ -'-'ai+a2-\ \-aN-i^ i 

Hn — Hi . 

We have the conjugation eVf — a ■ ew(_)ivj • . We set the irreducible highest represen- 
tation of Ug{glj\f) with the highest weight A = miAi + • • • + ttinAn, the highest weight 
vector I A) of Ug{slN). 



In what follows we consider the case rrij — rrij+i e N, (1 ^ j ^ A'" — 2). In this case the 
representation tt^^^ is finite dimension. Let us set the evaluation highest weight represen- 
tation TTj'^^ of the affine symmetry U^{sIn), as 

These evaluation highest weight representation will play an important role in construction 
of the T-operator Tx{t),Tx{t). 

2.3 Screening current 

Let us introduce bosons B"^, {m e Z^q; i = 1) 2, ■ • • , A'" — 1) by 

[5^,5^] =m5^+„,oK|a,)^, {I ^1,3 -I). (2.4) 

Let us set — — Y^^=i ^L- i^^ye the commutation relation [S^, B^] — mSm+nfiioiiloij)^ , 
for 1 ^ i,j ^ N. Let us set the zero-mode operators Px and Qx, {X E P — ®jZej) by 

[^A,^QJ = (A|/i). (2.5) 

Let us set the Heisenberg algebra B generated by B^, • • • , B^~^, Px, Qx, (A G P) and its 
completion S. Let us set the Fock space Ti^k by 

Bl%k) = 0, (m>0) (2.6) 
= (^a ^l^l-^l^k^\l,k), (2.7) 

\l,k) = e'v^^'-'V^'^'=|0,0). (2.8) 
Let us set the screening currents of the 1^-algebra Wn by 

Va,{u) = exp (^^Qa^ exp (^^P^.iu 

^ ( E ) ( - E ) ' (1 ^ i ^ (2-9) 

\m>0 / \ m>0 / 

Here we have added one operator Vaj^{u), which looks like affinization of the classical 
^AT-i. We can find the elliptic deformation of Va.{u) for j 7^ iV in [12, 13]. For Re(Mi) > 
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Re{u2), we have 

By analytic continuation, we have 

Va,{ui)V^.{u2) = g("*l"^V«,(ii2)K,K), (1 ^ hj ^ N). (2.10) 

Let us set 

zj ^ exp (^-2m^P,^ , (1 ^ j ^ iV). (2.11) 

We have ZiZ2 • ■ ■ z^ — 1 and 

V^,{u + 2n)^z;'zi+,V^,{u), z,V^.{u) = g'^-+i-^-K.,(«)^,. 

Let us set the nilpotent subalgebra f/q(n~) generated by /i, /2, • ' " > /iv- We have homo- 
morphism sc : U'q{n^) — > B given by 

r-27r 



1 Z"^'' 

^c(/,) = zi / Va^{u)du, (1 ^ J ^ N). 

Q ~ Q Jo 



3 Baxter's Q-operator 

In this section we define the Baxter's T-Q operator by means of the trace of the universal 
R, and present conjecturous functional relations of the T-Q operator, which include the 
higher-rank generalization of the Baxter's T-Q relation. 

3.1 >C-operator 

Let us set the universal L-operator C & B ® Uq{n~) by 

C = exp (^-T^i^Yl ^'^^ ® j ^ ( K{u)du^ . (3.1) 
Here we have set 

TV 

i^(M) = ^V;^(M)®e,-. 
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Here Pexp ^ J^^ K{u)du^ represents the path ordered exponential 

i K{u)du I = I ' " I K[ui)K[u2) ■ ■ ■ Kn{un)duidu2 ■ ■ ■ dUn 

The above integrals converge in "quasi-classical domain" — oo < Cqft < —2. For the 
value of CcFT outside the quasi-classical domain, the integrals should be understood as 
analytic continuation. Let us set Uq{sliy) the extension of U'^^sIn) by the degree operator 
d. Let us set Uq{\\^) the extension of f/^(n^) by the degree operator d. There exists the 
unique universal i?-matrix TZ e Uq{ri^) ® Ug{n~) satisfying the Yang-Baxter equation. 

'^12'^13^23 = '^23^13^12- 

The universal- i?'s Cartan elements t is factored as 

N-l 

n = q^n, t^^hj0h^ + c0d + d0c, 

where {h^lhj) = Sij. We call the element TZ e U'q{n^) ® U'q{n~) the reduced universal 
i?-matrix. The ^-operator is an image of the reduced i?- matrix [34], 

£ = {sc^id)(R). 

The >C-operator will play an important role in trace construction of the T-Q operator. 
3.2 T-operator 

Let us set the T-operator Tx{t) and Tx{t) by 

T;,(i) = IV^(A) ||exp ^-vr^y^ J]P,, , (3.2) 

Tx{t) = Tr_(A) ^exp ^-m^J^ P^i ® j ^ ■ (3-3) 

Let us set an image of C as L;s^(t) = {id vr^^'') {£), and the i?-matrix Pai,A2(^i/^2) = 
TT^f^^ <S> 7rl^^\Tt}. We have so-called RLL relation, 

-Rai,A2(^i/^2)Lai(^i)La2(^2) = La2(^2)Lai(^i)-Rai,A2(^i/^2)- 
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Multiplying the i?-matrix i?Ai,A2(^i/^2) ^ from the right, and taking trace, we have the 
commutation relation. 



[Tx,{h),TxM]= [TA,(ti),T,,(t2)]= [T,,(ti),T,,(t2)]=0. 

The coefficients of the Taylor expansion of Tx{t) commute with each other. Hence we 
have infinitly many commutative operators, which give quantum deformation of the con- 
servation laws of the A^-th KdV equation. 

3.3 Q- operator 

Let us set the Fock representation nf: Oscj — > with j = 1,2, ■ ■ ■ , N — 1, 
The action is given by 

1 - Q-^'' 

ni{n,)\k)+ = -k\k)+, ni{£,)\k)+ = (^—^1^ - 1)+. = 1^ + 1)+. 

nj{n,)\k)- = m-, ^Ji^m-= nj{S,)\k). = \k + l).. 

Let TTj and Wj be any representation of the g-oscillator Osc — Osci <S>c ■ ■ ■ 'S>c Oscn-i such 
that the partition Zj{t), Zj{t) converge. 

N 



i=i 

Let us set the operators A.j{t) and Aj(i) with j — 1,2, - ■ ■ ,N 



A.(i) = ^1^-.-,, (^exp l^-TTz-^ ^ P^^ ® j £ j , (3.4) 

A,(t) = J^Tr^.... (|exp (^-vr^^^fj P., ® h^^ . (3.5) 

Let us set the Baxter's Q-opcrator Qj{t) and Qj{t) with j = 1,2, ■ ■ ■ , N, 

Qj(t) = r^V^^^^- A^(i), Qj(t) = i^V^^^ A^(t). (3.6) 
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We would like to note convenient relation, 

N N-l 

k=l k=l 
N N-l 

k=l k=l 

Here we should understand the surfix number as modulus N, i.e. ej+N — ^j- 
Prom the Yang-Baxter equation, we have the commutation relations 

[Q.i(^i),Q..(^2)] = [Qj,{ti),QjM] = [QMMjM] = 0, 

and 

The operators Aj{t) can be written as power series. 

oo 

= 1 + Yl 4i(^l>---,(7iVn) 

n=l ai,---,crMn 

X 



/ ■ ■ ■ / • • • K.ajv„ {uNnjdUl ■ ■ ■ dUNn- 



Here we have set 

«ivi('^i> • • • > ^Nn) = -^-(^^^jotj ^exp ^-27riy^^ P^. e^^e^^ ■ ■ ■ e^^„ 

The coefficients a^^^^ vanishes unless n = \{j\(Tj = s}\ for s e Zn, and behaves like 
^TVn ~ 0{f''). The coefficients aj^^^ are determined by the commutation relations of the 
Borel subalgcbra Uq(ji^) and the cyclic property of the trace, hence the specific choice 
of representation vrj,7fj is not significant as long as it converges. In [12, 13] we have 
constructed the elliptic version of the integral of the currents, 

/ ■ ■ ■ / Va,^ (^2) • • • ^aaj,^ {uNn)dUidU2 ■ ■ ■ dUNn- 

4 Functional relations 

In the previous section, we show that the T-Q operators commute with each other. In 
this section we give conjecturous functional relations of the T-Q operators, which coincide 



11 



with the previous work [34] upon = 3 speciahzation. We have checked those functional 
relations up to the order 0{t^) in appendix. Some of similar formulae have been obtained 
in the context of the solvable lattice models associated with [/^(sZjv) [38, 39, 40]. At the 
end of this section we summarize conclusion. 



4.1 Functional relations 



The T-operator is written by determinant of the Q-operators. Let us set the Young 
diagram /i — (//i, //2, • • • , /^at), (A*j ^ l^j+u l^j ^ N)- Using the same character as the 
Young diagram we represent the highest weight /i — /iiAi + • • • + /inA^. We set 



•^0 - Ill^<k^N 

operator. 



— — \/— ]■ We have the following determinant formulae of the T- 



1 

Co 



QN{tq 



(4.1) 



Qiitq-'f"') Qiitq-^f"') 
QAtq-^^') QAtq-^''') 



(4.2) 



Here we have used the auxiliarry parameters 2/ij — 2jjLj + — 2j + 1, (1 ^ j ^ N). We 
have checked the above formulae (4.1) and (4.2) for /x = Ai and /i = Ai + ■ — h A^v-i, up 
to the order O(t^). See appendix. As the special case iij = 0, (1 ^ j ^ A^), we have the 
quantum Wronskian condition. 



Co = 



Qiitq^-'] 
Cl2{tq^-'] 



Qritq^-') 
Q2{tq''-') 



Qiitq-""^'] 

Q2(ig-^+^; 



Qiv(tg^-^) QNitq^-') 



N-3\ 



Qiv(ig-^+^) 



(4.3) 
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Co 



mtq""-') 



(4.4) 



Q^(ig-^+i) Qr,itq-''+') ■■■ Q^^(^9^-^) 

We have checked the above formulae (4.3), (4.4), up to the order O(t^). See appendix. 

Let us set Cj = Y[i^j<k<N ( \/— — . /— ) for 1 ^ i ^ A^. The two kind of Q-operator, 
_ j,k^i \ V V 

Qj{t) and Qj{t), are functionally dependent. The Q-operator Qi{t) is written by the 
determinant of the Q-operator Qj(t), 



CiQ,i{t) 



QAtq""-') Qiitq""-') 



N-2\ 



QNitq""-') 



Qiitq-""^') 

Q.+i(tr^+^) 
Qiv(^r^+') 



(4.5) 



Qi(tg-^+2) Q,(tg-A^+4) ... Qi(tgA^-2) 

CiQj(t) = , (4.6) 

Qi+iitq-""^') Qi+iitq-""^') ■■■ QiMtq""-') 

Qiv(i?-^+') Qiv(ig-^+^) ••• Qiv(ig^-') 

with i = 1,2, ■ ■ ■ , N. We have checked the determinat formulae (4.5) and (4.5) up to 
the order 0{t'^). See appendix. We derive the following (4.7), (4.8), (4.9), (4.10), (4.11), 
(4.12), and (4.13) from the above formulae (4.1), (4.2), (4.5) and (4.6). We have the 
higher-rank generalization of the Baxter's T-Q relation (4.7) and (4.8), as the consequence 
of (4.1) and (4.2), 

N-1 

Qiitq"") + J2{-irT^,+...+j,Stq-')Cl,itq''-'^) + (-l)^Q,(t?-^) = 0, (4.7) 

s=l 

7V-1 

Q^itq-'') + $^(-l)^-TA,+...+A,(tg)Q,(tg-^+2^) + (-l)^Q,(tg^) = 0, (4.8) 
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with i — 1,2, ■ ■ ■ , N. This Baxter's T-Q relation, (4.7) and (4.8), coincides with those in 
[34] upon N — 3 speciahzation. Note that the speciahzation to = 2 does not yield the 
formulae in [28, 29, 30], because the Dynkin-diagram ior N — 2 is different from those 
for N ^ 3. We have to give separate definitions of the bosons, the g'-oscillator and the 
screening currents for N ^2, [28, 29, 30]. This Baxter's T-Q relation (4.7), (4.8) coincides 
with those of [38] for N ^ 3. In [38], I.Krichever, O.Lipan, P.Wiegmann and A.Zabrodin 
gave the conjecture that the standard objects of quantum integrable models are identified 
with elements of classical nonlinear integrable difference equation. For simplest example 
they showed that the fusion rules for quantum transfer matrices coincide with the Hirota- 
Miwa's bilinear difference equation [45, 46] (the discrete KP). They derived higher-rank 
generahzation of Baxter's T-Q relation by analysing the Hirota-Miwa's bilinear difference 
equation (classical nonlinear integrable difference equation), too. In this paper, we derive 
the same Baxter's T-Q relation by analysing the quantum field theory of the KP (quantum 
integrable model). Hence this paper give a supporting argument of the conjecture on 
quantum and classical-discrete integrable models, by I.Krichever, O.Lipan, P.Wiegmann 
and A.Zabrodin [38]. As the consequence of (4.5) and (4.6), we have the bilinear formulae 
of the T-operator (4.9) and (4.10). 

N 

=1 



N 

(-l)'''"^CoT^A,W = J2(-^y^''^'^sitq-''^-''''')Qs{tq), (4.10) 



s=l 



and 



N 



(-l)^"^CoT^(A,+...+A,_,)(0 = J2(-^f^''sQs{tq-''^-')Qs{tq''-'), (4.11) 

s=l 

(-l)'''"^CoT^(A.+...+A._o(^) = E(-l)"'^^c,Q,(i5^-+^)a(^?-"^^^)- (4.12) 
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As a consequence of the determinant formulae (4.1) and (4.2), we have the Jacobi-Trudi 
formulae of the T-operator. For the Young-diagram /i — {/ii, /ii, ■ ■ • , /in-i, 0), we have 



r 



it) 



(t) 



rK-^+j)(ig20-i)) 



.(M;(^,)-K/^')+i)^^^2(j-i)) 



.K+/(^')-i)(ig2(KM')-i)) 



r 



(M;-i+i(M'))(ig2(z(/.')-i) 



T^'''(''')^(i52(i(M')-l)) 



(4.13) 



Here we have set /i' — 1I2, ■ ■ ■ , IJ>'n) the transpose Young-diagram of /i, and — 
fxi. We have set T^'\t) = Ta,+...+aM- We have T^°\t) = TW(i) = 1. The above 
conjecturous functional relations of the T-Q operators, (4.1), (4.2), (4.3), (4.4), (4.5), 
(4.6), (4.7), (4.8), (4.9), (4.10), (4.11), (4.12), (4.13), coincide with the previous work [34] 
upon N — 3 specialization. 



4.2 Conclusion 

In this paper we present ^-oscillator representation of the Borel subalgebra 17^(31^), (2.2). 
By using this g-oscillator representation, we give the free field reahzation of the Baxter's 
g-operator Qj(t), Q^.(t) with j = 1, 2, ■ ■ ■ , iV, for the W^jy-algebra, (3.4), (3.5), (3.6). The 
commutativity of the Q-operator is direct consequence of the Yang-Baxter equation. We 
give conjecturous determinant formulae of the T-Q operator for the l^Tv-algebra, (4.1), 
(4.2), (4.5), (4.6), which produce the higher-rank H^jv-generalization of the Baxter's T-Q 
relation, (4.7), (4.8). We have checked these determinant formulae of the T-Q opera- 
tor, (4.1), (4.2), (4.5), (4.6) up to the order 0{t'^) in appendix. Because the scheme of 
funtional relations works well, we conclude that the number of the Q-operators for the 
VTAT-algebra, is just 2A'", (A^ ^ 3). In this paper we didn't give complete proof of the de- 
terminant formulae for the WN-algchia. V.Bazhanov, A.Hibbcrd and S.Khoroshkin [34] 
gave proof of the determinant formulae for the II/3-algcbra. Their proof is based on the 
trace of the universal ^-operator over Verma module, and the Bcrnstcin-Gcrfand-Gel'fand 
(BGG) resolution. Because we have already established conjecturous determinant formu- 
lae, higher-rank generalization of complete proof seems calculation problem. However it 
is not so easy. 
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A Supporting Arguments 

In this appendix we give some supporting arguments on conjecturous formulae of the 
determinant formulae (4.1), (4.2), (4.3), (4.4), (4.5), (4.6). We check those determinant 
formulae up to the order 0{t^). At first we prepare the Taylor expansion of Aj(t), Aj(t). 
Let us set TTj = 7f j = ttJ*" ® ■ • ■ ® 7r^_i. Taking the trace for the basis {|ni, n2, • • • , un-i) ~ 



{ninn*,r- ■ ■ ■ (H^_j"--|o)+ • • • ® |o)+}. 



ni,n2,---,nN-i 



gN, we have 



Zj{t) = lY,. I exp I -27ri-^^ ^(Pk. - P,.J ® 





) 



-1 



with _7 = 1, 2, • • • , A. As the same manner as the above, we have 




Let us set a^, Oj by 



Ai{t) = l + ait + 0{t^), Ai{t) = l + ait + 0{t^). 



Let us set 





Vfci (til) 1^^2(1*2) • • • Vk^{uN) 



X Vk^{uN^l)Vk^{uN+2) ■ ■ ■ Vkj^{u2N) ' ' ' 

X Vfci {uN{n-l)+l)Vk2 {uN{n-l)+2) ' ' ' Vfcj^„ {uNn)dUidU2 ■ ■ ■ dUNn- 
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Let us calculate coefficient of J^i^2--- n ^i- have 



N-l 



TfTTi Ot,i exp -27riW — ^ P^^ (g) /i^ j 616263 ■ ■ ■ cn \ x ^1,2,- 



N 



k=l 



t{q - q-y-^"^ 



N-l 



k=l 



Taking the trace and dividing Zi{t), we have 



X T^'^ +••• 



k=l 



with i = 1,2, ■ ■ ■ , N. As the same manner as the above, we have 



ai = (-1) 



N 



1 jv N-2 

q'^ Zi Zi 



X 7^^^ +••• 



N 



{q-Q ^)Yl{(fzk-Zi) 



k=l 
k^ti 



with i — 1,2, - ■ ■ ,N. Let us check the determinant relations between Qi{t) and Qi{t), 
(4.5) and (4.6). We have 



Qi(ig^-') Qi(ig^-') 

Q,_i(i?^-2) Q,-i(tg^-=^) 
Q.+i(i?^-^) Qi+iitq""-') 



QNitq""-') Qiv(tg^-' 

n 



Qi(tg-^+') 

Q,_i(tg-^+2) 
Qi+i(ir^+^) 



iSjKk^N 
j,k^i 




Qiv(tg-^+' 

/ / 

1 - 



. . ,=f (^j - ^fe) 



Inserting the formulae of into RHS and using the following identity, 



N 

N 

'j^i {zjq^ - Zi) {zj - Zk) 



M-2 



(-1) 



N 



N 



Ylizkq^ - Zi) 



k=l 
k^i,j 



k=l 
k^ti 
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we have 



JV 



1 jV 



N 



k=l 



I 



which coincides with leading terms of Qj(t). As the same argument as the above, the 
coefficients of J\^^\^^ ... coincide with each other up to the order O(t^). Now we have 
checked the determinant formulae (4.5) and (4.6) up to the order O(t^). For the second 
we check the quantum Wronskian condition (4.3) and (4.4) up to the order O(t^). We 
have Taylor expansion of determinant of Qj(i), 

^M""-^) Qiitq""-') ■■■ Qi(tg-^+^) 
Q2(tg^-^) Q2(tg^-=') ••• Q2(tr^+') 



Qiv(ig^-^) Qiv(ig^-') ••• Qiv(tg-^+^ 

/ ( N N 



n 

i<7<fe^Ar 



v 



{q Zi Zk) ^_jv+i 



i=l 



k=l i^i-^k) 



J 



I 



Insrting the explicit formulae of into RHS and using the following identity. 



AT 



i=l 



j,k^i 



we have 



n 



Now we have checked the quantum Wronskian condition (4.3) and (4.4) up to the order 
0{f'). Next we consider the determinant formulae (4.1) and (4.2) for the special cases 

ji — h-i and /i = Ai H h Ajv-i- Because we have checked the formulae (4.5) and (4.6) 

up to the order O(t^), it is enough to show (4.9), (4.10), (4.11) and (4.12) in order to 
show (4.1) and (4.2) up to the order 0{1?). We have 



(JV-l)(JV-2) 



TV 



5^(-l)^+ic,Q,(tg^+^)Q3(tg-^) 



18 



N 



= n iZj-z,){l + t{q''+'a, + q-%) + 0{t')). 



s=l 



igi<feSJV 



Using the following relation, 



N 



Ei-^r'z^ n 



s=l 



Zk) = Yi i^j - ^k){Zl + Z2^ \-Zn), 

l£j<k^N 



we show that the first leading term becomes Cq Zj. Inserting the explicit formulae of 
as,as and using the following relation, 



E 

s=l 



N 

fe=i 



Zs - Zk 



N 



N 



\ k=l 

\ kits 



k=l 
kits 



we have the second leading term. 



tq 2 n (^fe - Zj) (^^1 J'i,2,-,Ar + ^2 ji,3,...,Ar,i ) ■ 

Now we need exphcit formulae of TA^(i). Let us fix a basis of the irreducible highest 
representation of Ug{glj^) with Ai by 

|Ai),7r(^^)(£;,,J|Ai),7r(^i)(£;,,£;„J|Ai), • • • ,7r(^^)(£;«,_, • • •£;«J|A^^ 

The matrix representation of tt^^^^ are written upon this basis by 

7r(^^)(F,J = {Sj,i+,Sk,i)i^,k^N, (l^i^N-l), 
7r(^i)(//,) = {Sj,i5k,iUj,k^N, (1 ^ ^ ^ A^)- 

Using this matrix representation, we have 



AT 



N 



i=i 1=1 j=i 

Now we have checked the determinant formulae (4.1) for // = Ai up to the order 0{t'^). 
As the same manner we checked the determinant formulae (4.1) for // = Ai + • — h Ajv-i 
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and (4.2) for = Ai, Ai H — • + A^r-i, up to the order For reader's convenience we 

sumarize the exphcit formulae of TAj+...+A^_^(i), TAi(i) and TA^+...+Ajy_^(i). The matrix 
representation of 7r(^i+ ' +^Jv-i) ^j-e written by 

^(Ai+...+A,_0(^^J = {Sj,N-iSk,N-i+l)l^,k^N, 

^(Ai+...+A^_0(^. _ ^ {5,,N-iSk,N-i - 5j,N-i+lSk,N-i+l)l^,k^N: {I S t S N - 1). 



We have 

AT , oo N 



AT oo N 

T^,+...«„_.(f) = j:i+^tv-«)»(-i)''»$:i-^!;>,_,,... 



j=l n=l j=l ^ 



N OD N 

" 'j,j+l,j+2,-,j+N-l^ 



j=l n=0 j=l 

N ^ oo N 

T......«„_.w = Ef^':!.-,,...„+u. 

j=l n=l j=l 

Using these exphcit formulae, we have 

TAi(g-^t) = TA,(g^t), 

JV_4 4 — iV 

Tai+...+Ajv-i(?~^) = TAi+...+AAr-i(?~^)) 

To(t) = To(t) = l. 
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